Abstract. This article is an expanded version of the talk given by the rst author at the 25th Anniversary Conference of the Centre de R echerches Math ematiques.
Our Main Survey ( A]{ E])
A] Giuga's Conjecture and Some Equivalences
In 1950, G. Giuga ( G] ) conjectured:
Conjecture. For each integer n it is true that n is prime () s n := n?1 X k=1 k n?1 ?1 mod n:
Fermat's little theorem is that if p is a prime, then k p?1 1 mod p for k = 1; : : : ; p ? 1. Thus, for each prime p, s p ?1 mod p. Giuga's question becomes:
Does there exist a non-prime n such that s n ?1 mod n?
This question has resisted solution for more than forty years. We will see in part why! The key to dealing with Giuga's conjecture is:
Theorem 1. ( G,R] 
This is only possible if (p?1) j (n?1) = q(p?1)+(q?1). So (p?1) j (q?1). It then also follows from (2) that ?1 ?q mod p, or p j (q ? 1). Conversely, assume p j (q ?1) and (p ?1) j (q ?1). From (1) we have that s n ?q mod p; since q 1 mod p, we have that s n ?1 mod p for each prime divisor p of n. Now, n must be squarefree: else, there would exist a prime divisor p of n with p j q. This contradicts p j (q ? 1).
Since each of the prime divisors of n divides s n + 1, this is also true for n.
In other words, s n ?1 mod n.
k
We return to arguments of this type in the nal section.
Agoh's Conjecture. Let B k denote the kth Bernoulli number. Then nB n?1 ?1 mod n if and only if n is a prime.
The denominator of nB n?1 , being squarefree, is invertible mod n. Squarefree composite numbers satis ng (a) are the Carmichael numbers, introduced by Carmichael in 1912; (a) is equivalent to (p ? 1) j (n ? 1) for all prime divisors p of n, and to the strong pseudo-primality condition a n?1 1 mod n for (a; n) = 1. Also, the number of factors 2 mod 4. This lower bound increases dramatically in the presence of the Carmichael condition. Any Carmichael number n satis es: If p is a prime factor of n, then for no k is kp + 1 a prime factor of n.
(If not, then (kp + 1) ? 1 = kp j (n ? 1) and p j n, a contradiction.)
Thus no Carmichael number is divisible by both 3 and 7, or by 7 and 43, etc.
This property allowed Giuga (1950) to prove by hand computation that any counterexample uses more than 360 primes and so has at least 1000 digits. E. Bedocchi ( B],1985) used the same method to extend this to 1700 digits.
D. Borwein, J. M. Borwein, P. B. Borwein, and R. Girgensohn ( B 3 G],1994) have improved on this method by dramatically reducing the number of cases to be looked at and so we calculate that any counterexample contains at least 3459 distinct primes and so has at least 13887 digits (the 8th power of the previous estimate).
Sketch of how this works : : :
Computing lower bounds for a counterexample. We must look at n = q 1 q k such that (i) q i 6 1 mod q j for all i; j, and Indeed, the prime factors form a normal set, and the subset S of the factors smaller than p m is a member of S m . Since any normal set of primes which contains S and satis es condition (ii) above must contain at least r m (S) elements, we have that n has at least r m (S) i m prime factors; this is true for any m 2 IN.
Thus, any counterexample is bigger than i m Q j=1 p j , and so has at least as many digits. Giuga estimated i 9 > 361, this yields more than 1000 digits; Bedocchi computed i 9 = 554, this yields more than 1700 digits.
To compute i m , one has to nd r m (S) for all S 2 S m . Since the number of elements of S m increases geometrically with m, the time needed to compute i m gets out of hand quickly. With our R4000 Challenge server and Maple, we were able, with considerable e ort, to compute i 19 = 825. Fortunately we found a good branch and bound algorithm, based on the following observation, that allows us to look at only some sets in S m , not all of them.
Consider a set S 2 S m and the associated value r m (S). Now, S has at most two \successors" in the set S m+1 , namely S itself and the set S 0 = S fp m g.
We will now show that r m+1 (S) r m (S) and r m+1 (S 0 ) r m (S). In fact, there are two cases: Case (i): S fp m g is normal. Then S has both successors S and S 0 in S m+1 . Also, p m 2 T m (S). However, p m 6 2 T m+1 (S), but every other element of T m (S) is contained in T m+1 (S). So, T m+1 (S) must contain at least one higher prime to get P q2T m+1 (S) 1=q 1. Thus, r m+1 (S) r m (S).
As regards S 0 , the set T m (S) may contain primes congruent to 1 mod p m .
These are missing in T m+1 (S 0 ), since p m 2 S 0 . For each we add primes to get P q2T m+1 (S 0 ) 1=q 1. Again, r m+1 (S 0 ) r m (S).
Case (ii): S fp m g is not normal. Then the only successor of S in S m+1 is S itself. Also, T m (S) = T m+1 (S); the prime p m is not contained in either set. Therefore, r m (S) = r m+1 (S). 
We have no proof of this but since the sets L m yielded \exact" upper bounds for i m , we employed them to iteratively compute all values i m rst for m 100 (in Maple) and later for m 130 (in C). We always observe that r m (L m ) = i m ! The best way to \pack" such primes?
It was surprisingly hard to translate a fairly straight-forward Maple program into C. While Maple handled the data structures (lists of sets of variable length) easily, it was a non-trivial problem to implement these in C.
We did gain a speed-up of a factor of up to 5, though. We thank Jerry Kuch (now a graduate student at Waterloo) for doing this conversion from Maple to C. i 100 = 3050 implies that any counterexample to Giuga's conjecture has at least 12,055 digits, while i 135 = 3459 implies that any counterexample has at least 13887 digits Each new case now takes several weeks of (single processor) cpu time!! As Bedocchi points out, this method is inherently incapable of showing that Giuga's conjecture holds for all integers: the set L 27692 is normal, has 8135 elements and satis es 
D] Giuga Sequences and Carmichael Sequences
One promising approach to Giuga's conjecture is to study Giuga numbers in more depth. There is much more structure when we relax the condition that the numbers p in the de nition be prime. For all of these examples, the`sum minus product' value is 1; to reach value 2, the sequence must have at least 59 factors.
To nd all Giuga sequences of length m, in principle one might check all sequences whose elements are below an a priori bound (the sum of their reciprocals must exceed 1). The number of these grows exponentially; even for length 7 there are too many to check this crudely.
Fortunately, we have the following theorem which yields all Giuga sequences of length m with a given initial segment of length (m ? 2). It was discovered from our preliminary computations. For each m, new Giuga sequences pop out of thin air, some with property (3) and so leading to in nite families. Two are:
(a) n 1 = 2, n k = n 1 n k?1 + 1 for k = 2; : : : ; m ? 1, n m = n 1 n m?1 ? 1; (b) n 1 = 2, n 2 = 3, n 3 = 11, n 4 = 23, n 5 = 31, n k = n 1 n k?1 + 1 for k = 6; : : : ; m ? 1, n m = n 1 n m?1 ? 1.
Similarly, a Carmichael sequence is a nite increasing sequence of integers, a 1 ; : : : ; a n ], such that In particular, if we start with an odd 3-factor Carmichael sequence, then we can extend it to arbitrary length by iterating the step (b) with d = 2. E] Open Problems 1. Giuga's conjecture: Show that no integer exists which is both a Giuga number and a Carmichael number. More generally: Show that no Giuga sequence can be a Carmichael sequence.
2. Does every Giuga sequence contain two factors n i ; n j with n j j (n i ?1)?
If yes, then Giuga's conjecture is proved. 
Variations on the Theme of Giuga ( F]{ J]) F] The Eightfold Way
In this nal part we consider Giuga's condition along with seven variants, obtained by replacing n ? 1 with (n) in the exponent and right-hand side of the summation. We also vary the summation by restricting the original sum, which we call Type I , to only those k which are relatively prime to n (we call this a sum of Type II ). Since each of these variants is satis ed by any prime, we are interested in the composite n for which they also hold. We use n] to denote the integers between 1 and n, and n] for the subset of n] of integers relatively prime to n. p will denote a prime, and q a prime power. We will assume that n > 2, with prime factorization p r 1 1 p r 2 2 p r l l , and de ne q i = p r i i for convenience. The notation O(p r ) will be used to denote an arbitrary constant divisible by p r .
We will use S(n; m) to denote the sum P k2 n] k m of Type I, and S (n; m) for the sum P k2 n] k m of Type II. We are only concerned with the residue classes of S(n; m) and S (n; m) modulo n. We start with a computational theorem in Section G] concerning the case where n is a prime power. We apply this theorem in Section H] to sums of Type I, and in Section I] to sums of Type II, and derive analogues of Giuga's theorem for the variants mentioned above. Finally, in Section J], we discuss what is known about the n which satisfy the eight di erent conditions.
G] A Computational Theorem
In this section we examine sums of the form Since p is primitive, these summands are distinct modulo q and all congruent to 1 modulo p s . Thus they must be a permutation of the arithmetic progression 1 + np s , 0 n < p r?s , which sums to 
The summands in (5) are distinct modulo q and congruent to 1 modulo 4m, thus they form the arithmetic progression 1 + 4mn, 0 n < q=4m, which sums to q=4m + 4m(q=4m)(q=4m ? 1)=2 = q=4m + O(q=2):
Multiplication by 2m yields S = 2mT = q=2 = (q). We rst consider the case of the right-hand side n ? 1. Now, S(n; m) equals n ? 1 modulo n i it equals n ? 1 modulo each of the q i . This gives us the following theorem.
Theorem 7. P k2 n] k m n ? 1 mod n if and only if n is squarefree, and for all odd p dividing n, p ? 1 j m and p j (n=p ? 1):
Proof. First, n must be squarefree, or else for some i, p i divides P k2 q i ] k m , so that P k2 n] k m is not relatively prime to n, hence not congruent to n ?1. By the same logic, we need P k2 p] k m to be non-zero modulo p, hence the condition that p ? 1 j m for odd p. If p = 2, we have the second case of Theorem 1, and the congruence holds trivially. Finally, (n=p) (p) n ?
1 mod p i n=p 1 mod p. It is clear, from the proof, that these conditions are also su cient. k Theorem 7 has two corollaries, the second of which is Giuga's theorem. Corollary 1. S(n; (n)) n ? 1 mod n i n is squarefree, and for each prime p dividing n, p j (n=p ? 1).
Corollary 2. S(n; n ? 1) n ? 1 mod n i n is odd, squarefree, and for each prime p dividing n, p j (n=p ? 1) and p ? 1 j n ? 1.
Both corollaries are immediate from Theorem 7. We see that the condition in Corollary 1 is exactly that n is a Giuga number. The conditions of Corollary 2 (Giuga's theorem) can thus be restated as before: n is both Carmichael and Giuga. We now consider the case S(n; m) (n) mod n. This will hold if and only if for each i, (n=q i )S(q i ; m) (n) mod q i By examining the two possibilities for the left-hand side of this congruence, we arrive at the following theorem.
Theorem 8. P Proof. For the rst case, we need (q i ) (n=q i ) 0 mod q i , and this is equivalent to p i j (n=q i ), which gives us the rst condition. For the second case, we must have (n=q i ) (q i ) (n) mod q i . Dividing through by (q i ) (which contains a factor of p r i ?1 i ), we get (n=q i ) (n=q i ) mod p i : k Theorem 8 has two corollaries analogous to Corollaries 1 and 2, the rst of which follows trivially.
Corollary 3. S(n; (n)) (n) mod n i n=q (n=q) mod p for all primes p dividing n, where q is de ned as the highest power of p which divides n.
We call n a co-Giuga number if it satis es the conditions of Corollary 3. Note that, while prime powers are not Giuga numbers, they are co-Giuga numbers. The next corollary requires a descent argument.
Corollary 4. S(n; n ? 1) (n) mod n i n is co-Giuga, and p ? 1 j n ? 1 for all primes p dividing n.
Proof. We must rule out the rst condition in Theorem 8. Suppose that for some p i , p i = j n ? 1 so S(q i ; n ? 1) 0 mod q i . We can choose such a p i to be maximal. Then there must exist p 0 dividing n such that p i j p 0 ? 1. But clearly p i = j n?1 and thus p 0 ?1 = j n?1. Since p 0 > p i , this is a contradiction. k If n satis es the condition p ?1 j n ?1 above (n does not have to be squarefree), we say n is a generalized Carmichael number. The squarefree generalized Carmichael numbers are exactly the classical Carmichael numbers. Thus we can restate the conditions of Corollary 4 as: n is both co-Giuga and generalized Carmichael.
I] Sums of Type II
We now consider the sums S (n; m) = P k2 n] k m of Type II. For a given n, de ne n] i as the subset of n] consisting of all elements congruent to 1 modulo n=q i . Then n] i has cardinality (q i ), and furthermore is congruent to q i ] modulo q i . By the Chinese remainder theorem we can factor n] in the following sense: Every x 2 n] can be written uniquely as x = x 1 x 2 x l , with x i 2 n] i . This representation allows us to factor S = S (n; m) into S 1 S 2 S l , where
Now, S i is clearly congruent to (q j ) modulo q j for i 6 = j; thus we are only interested in S i modulo q i , which is equivalent to P k2 q i ] k m . Theorem 1 now shows that S = Q S i is congruent to 0 or (n) modulo q i according to whether S i is 0 or (q i ). We are now in a position to prove results similar to those in Section H].
Theorem 9. S = P k2 n] k m n ? 1 mod n if and only if n is prime and n ? 1 j m.
Proof. Since n?1 is relatively prime to n, we cannot have S i 0 mod q i for any i. Thus S i (q i ) mod q i for all i, so that S = (n). But (n) < n ? 1 when n is not prime. The result now follows from Theorem 5. The following two corollaries are immediate, but included for completion.
Corollary 5. S (n; (n)) n ? 1 mod n i n is prime.
Corollary 6. S (n; n ? 1) n ? 1 mod n i n is prime.
Theorem 10. S = P k2 n] k m (n) mod n if and only if, for each i, 1 i l, either S (q i ; m) (q i ) mod q i , or p i j p 0 ? 1 for some prime p 0 dividing n.
Proof. As in the proof of Theorem 8, if S (q i ; m) 0 mod q i , then we need phi(n) 0 mod q i , and this is equivalent to the p 0 condition. If S (q i ; m) (q i ) mod q i , then we have S (n; m) (n) mod q by the arguments preceding Theorem 9.
k The nal two corollaries complete the Eightfold way. Corollary 7 also follows immediately from Euler's theorem.
Corollary 7. S (n; (n)) (n) mod n for all natural numbers n.
Corollary 8. S (n; n ? 1) (n) mod n i n is odd and a generalized Carmichael number, i.e. p ? 1 j n ? 1 for each prime p j n.
Proof. The descent argument of Corollary 4 applies here to prove that n must be a generalized Carmichael number. Suppose n > 2 is even, hence a power of two. Then S (n; n ? 1) 0 mod n by Theorem 5, so n must be odd. Finally, Theorem 10 shows that the condition is su cient. We note that Agoh's conjecture also has counterparts within the Eightfold way.
J] Co-Giuga and Generalized Carmichael Numbers
In this nal section, we take a closer look at the classes of co-Giuga and generalized Carmichael numbers introduced in Sections H] and I].
The co-Giuga numbers include prime powers, and also must have the normality property that p = j q ? 1 for any two primes p; q dividing n. Furthermore, it is not hard to show that the co-Giuga condition is equivalent to Using this characterization, and the monotonicity of the above expression, we showed that there are no co-Giuga numbers, other than prime powers, up to 10 30000 .
It is interesting to note that the co-Giuga condition is independent of the multiplicity of prime factors: that is, n is co-Giuga if and only if Q pjn p is co-Giuga.
The generalized Carmichael numbers include all prime powers, Carmichael numbers, and many other numbers. The smallest ve of these \others" are 45, 225, 325, 405, and 637. There are in nitely many such numbers, for instance, 3 2r 5 s for any r; s 1. More generally, given any two primes p < q with p = j q ? 1, p r (q?1) q s (p?1) is a generalized Carmichael number. In fact, a similar pattern exists for any normal family of primes.
